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AHHOTaii;Hii 

PacnpocTpaHemie npoHHKaiomeH jkh^kocth b nojiHMepHOM MaTepiiajie nacTO He yapBjieTBO- 
paeT KjiaccnnecKHM ypaBHeHHHM flH(p(py3HH h Tpe6yeT yneTa pejiaKcaiiHOHHbix (BH3Koynpyrnx) 
cbohctb nojiHMepa. Mm H3ynaeM KpaeByio 3a,naHy Ha orpamneHHOH o6jiacTH b npocTpaHCTBe 
fljiH CHCTeMM ypaBHeHHit, MOflejinpyiomHx TaKyio aHOMajiBHyio ,a;HCp(py3Hio. ,I[oKa3aHO, hto flJiH 
jno6oro flocTaTOHHO KopoTKoro OTpe3Ka BpeMeHH h 3a,a;aHHoro HanpHHceHHH b Hanajie SToro ot- 
pe3Ka cymecTByeT Taxoe rjio6ajibHoe no BpeMeHH cjia6oe peuieHne KpaeBoii sa^ann (napa koh- 
ueHTpaiiHH - HanpajKeHne) , hto KOHueHTpauHH b Hanajie h b KOHue OTpe3Ka oflHHaKOBaa. Ilpn 
,a;onojiHHTejibHOM ycjiOBHH Ha K03(p(pHi];HeHTbi noKa3aHO TaK:*ce cymecTBOBaHne nepHOflnnecKHx 
no BpeMeHH cjia6bix pemeHHH (6e3 orpaHHneHHH Ha fljiHHy nepno/ia). 

\q ■ Kjno^eBbie cjiOBa: HecpHKOBCKaa ,in«p(py3H5i, nojiHMep, npoHHKaromafl >khakoctb, 
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TonojiorHHecKafl CTeneHB, cjia6oe penieHHe, nepHOflHHHOCTb 



1 BBe^eHne 

Bjiaroflapa cbohm pa3HOo6pa3HbiM h MHorocTopoHHHM CBOHCTBaM nojiHMepbi Haxofl^T 
^ ■ ninpoKoe npHMeHeHHe bo MHornx OTpacjinx npoMbinuieHHOCTH. B to me BpeMH CTporoe 
c5 ' Hay^Hoe (b tom Miio/ie MaTeMaTunecKoe) Hsy^eHHe hx cbohctb fla>Ke OTCTacT ot TeMnoB 



BHeflpeHH5I 3THX MaTepHajIOB, XOT5I H BefleTC5I flOCTaTOMHO ninpoKO. 

nOJIHMepbl HaCTO HCnOJTb3yK)TC5I B KOMGHHaUHH C JKHflKOCTbK), npomiKaioiHeH 

BHyTpb ero CTpyKTypbi. BIpH stom MeH5iiOTC5i CBoftcTBa caMoro nojiHMepa. HanpHMep, b 
(papMai^eBTHMecKoii npoMbinuieHHOCTH iKKRKoe fleftcTByiomee Bein,ecTBO mo^kst npHMe- 

H5ITbC5I B COMeTaHHH C nOJIHMepHbIM HOCHTejieM. OKa3bIBaeTC5I, MTO B TaKoii CHTyaiJ,HH 

npouecc pacnpocTpaHeHHH jkhakocth b nojiHMepe npoTHBope^HT 3aKOHaM KjiaccHnec- 

KOft TeOpHH flH(|)(py3HH. Bio BCeft BHflHMOCTH, 9TO o6b>5ICH5ieTC5I [T] CJIO)KHOH, KOm6hHH- 

poBaHHofi, B5i3KoynpyroH npupofloft nojiHMepoB. 

HanoMHHM KjiaccHHecKHii o6ihhh 3aKOH coxpaHeHHH 

du 

—— = — div J, (1.1) 

dt y J 
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1 



KOTopbift, b ^acTHOCTH, noflxoflHT fljia onncaHHH ,a,H(p(py3HH b cnjioniHbix cpe,a,ax: B 
3TOM cjiynae u = u(t, x) o6o3HanaeT KOHneHTpanHio, a J = J(t, x) o6o3HanaeT noTOK 

KOHUeHTpaHHH (OHH 3aBHCHT OT BpeMeHH t H npOCTpaHCTBeHHOH TOHKH x) . 3dK0H @UKa 

raacHT, hto noTOK KOHneHTpauHH nponopnHOHajieH ee rpaflneHTy: 

J=-D{u)Wu, (1.2) 

rpe D(u) ecTb KOScpcpHnneHT flH(p(py3HH (b o6m,eH nocTaHOBKe 3to nojio^KHTejibHO- 
onpeflejieHHbifi TeH3op; b 6ojiee npocToft oh Bbipo^KflaeTCH b CKajinp h/hjih nepecTaeT 
3aBHceTb ot KOHu,eHTpaii,HH). H3 (1.1) h (1.2) cjieflyeT KjiaccnnecKoe ypaBHeHne flncp- 
(py3HH: 

^ = div(D(u)Vu). (1.3) 

ripn pacnpocTpaHeHHH jkhakocth b nojiHMepe B03HHKaeT pnfl HBjieHHft (HanpHMep, 
Ha3bmaeMbie b abTji05i3biHH0H jiHTepaType case II diffusion 0,[3], sorption overshoot 
[4], literal skinning, trapping skinning [5| [6] h desorption overshoot [7|), KOTopbie no- 
Ka3biBaiOT, hto noBefleHne KOHneHTpauHH jkhakocth He BnncbiBaeTCH b orpaHHneHHH, 
HajiaraeMbie (1-2) hjih (1.3). KaK h HbioTOHOBCKoe peojiorHnecKoe cooTHonieHne (cm. 
[8]), noflxofl5Hn,ee ,o,jih onncaHHH >KHflKOCTeft, ho cjihhikom npocToe fljin onncaHHH no- 
jiHMepoB, 3aKOH Onxa TaioKe flOji^KeH 6biTb 3HaHHTejibHO H3MeHeH pjm onncaHHH sthx 
(h flpyrnx noTeHnHajibHO B03MO>KHbix npn pacnpocTpaHeHHH >khakocth b nojiHMepe) 
(peHOMeHOB. Hcnojib3y5i aHajiornn c peojiorneft BH3KoynpyrHx cpefl h pe3yjibTaTbi hc- 
cjieflOBaHHii h onbiTOB MHornx cnenHajiHCTOB, Kosh h pp. pD, [U, [9] npefljio^KHjin cjie- 

flyiOIHHH OnpeflejI5HOIH,HH 3aKOH (KCTaTH, yHHTblBaiOIHHH H KOHBeKD,HK)) : 



J = -D(u)Vu- E(u)V(T + M(u,cr)u, (1.4) 

do n , , „, du s . 
— + P(u)o = f(u : —). (1.5) 



3flecb a — BcnoMoraTejibHaa nepeMeHHan, CBH3aHHaH c Hanpa>KeHHeM [10], BCJiefl- 
CTBne nero ee caMy Ha3biBaiOT sthm TepMHHOM (aHrji. stress). H3BecTHbiMH (onpefle- 

JIHeMblMH CBOHCTBaMH MaTepHajIOB H BHeiHHHMH yCJIOBHHMH) CHHTaiOTCH KOSCpCpHHH- 

eHTbi: CKajiap j3 (no (pH3HHecK0My CMbicjiy o6paTHO nponopnHOHajibHbiH BpeMeHH pe- 
jiaKcanHH h 3aBHCHiHHH ot KOHneHTpauHH), nojio>KHTejibHO-onpeflejieHHbie TeH30pbI D 

H E (3aBHCHHJ,He OT KOHHeHTpaU,HH) , CKajIHp / H OTBenaiOIHHH 3a KOHBeKUHK) BeKTOp 

M (3aBHCHiHHe ot flByx apryMeHTOB). Bot THnnnHbift bh^ (pyHKunn f3 [4]: 

P{u) = \{(3 R + fa) + \{p R - fa) tanh(^^), 
rpe (3r, Pgi^i u rg ~ nojio>KHTejibHbie KOHCTaHTbi, (3r > 0g] D oGmhho HMeeT noflo6- 

HyK) (T.e. MOHOTOHHyiO C 06jiaCTbK) pe3KOrO B03paCTaHHH) 3aBHCHM0CTb OT u [7]. 
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CorjiacHO [9, 10], xopoinnft npnMep (pyHKnnn E — jinHenHan 3aBncnMOCTb ot u. 
BnponeM, E nacTO cnnTaiOT KOHCTaHToft — sto CHHTaeTCH flonycTHMbiM ynpoineHHeM 
MOflejin |9]. B to me BpeMH eine b [H] (hhcjichho) 6buio noKa3aHO, hto E He aojdkho 
6biTb HeHyjieBoii KOHCTaHToft {E = sto cpaKTHnecKH 3aKOH <DnKa), Tax Kax npn 

E(0) KOHHeHTpaUHH U MO>KeT CTaHOBHTbCH OTpHD,aTeJIbHOH (hTO He HMeeT (|)H3HHe- 

CKoro CMbicjia). C flpyrofi ctopohm, CTporo flOKa3aHO ([12j, cm. TaKJKe [13]), hto npn 
E(0) = KOHD,eHTpaLi,HH u ocTaeTCH HeoTpHu,aTejibHOH, ecjiH OHa 6buia TaKOBoft b 

Ka>KflOH TOHKe B HaHaJIbHblft MOMeHT BpeMeHH H rpaHHHHbie yCJIOBHH HeOTpHD,aTeJTbHbI. 

B HacTOHineft CTaTbe (KOHeu, nyHKTa 3) npHBOflHTCH coo6pa>KeHHH b nojib3y nejiecooG- 
pa3HOCTH ycjiOBHH E{1) = 0, h Torfla TnnHHHbiM npHMepoM E 6y^eT (pyHKUHH BHfla 

. OL\u{u — l) 2 , 

E{u) = — ^ ^ 1.6 

c MajibiM a% a ai nopnflKa 1. 

^pyrne npHMepbi (3,D vl E cm. b [9| [7]. A fljin (pyHKiniH / THnnneH cjieflyioiHHH 
BHfl [9]: 

/(w, u') = fi(u)u + is(u)u', (1,7) 

rfle cpyHKu,HH finis npHHHMaiOT 3HaneHHH b orpaHHHeHHOM OTpe3Ke [0, a]. 
PI3 (1.4) h (1.1) cjieflyeT ypaBHeHHe aHOMajibHoii flH(p(py3HH: 

Ou 

— = div{DVu + EVa - Mu). (1.8) 



C 6ojiee oGineft tohkh 3peHHH |12j . BeKTopHbift KoacpcpHnneHT M, CKajinp (3 h TeH- 
3opbi Z}, E MoryT 3aBHceTb ot t, x, u h a (cm. eine |6J). 

HanajibHO-KpaeBbie 3aflanH ajih CHCTeMbi (1.8), (1.5) H3ynajiHCb HecKOjibKHMH aBTO- 
paMH. B |12j noKa3aHO cymecTBOBaHHe MaKCHMajibHoro (He rjio6ajibHoro no BpeMeHn) 
peuieHHH. TjioGajibHaH pa3peuiHMOCTb 3aflanH npeflCTaBjieHa b [14] npn / = fiu, M = 

H He 3aBHCHHJ,HX OT KOHUeHTpaHHH CKxUIHpaX D = E. B 3TOH pa60Te paCCMOTpeH Ofl- 

HOMepHbift cjiyHaft (0 < x < 1), ho no Been bhahmocth oh o6o6inaeTCH Ha cjiynaft 
1 E C ffi" (orpaHHHeHHan o6jiacTb c rjiaflKoft rpaHHneft). B [13] >Ke flOKa3aHO rjio- 
6ajibHoe cynj,ecTBOBaHHe penieHHii npn HenocTOHHHOM E (yflOBjieTBopnioineM yKa3aH- 
HOMy Bbiuie ycjiOBHio E(0) = h pflfly flpyrnx ycjiOBnii, ncKjiionaroinnx, KCTaTH, 
B03MO>KHOCTb Toro, hto E{1) = 0). IlpH 9TOM npeflnojiaraeTCH orpaHnneHHOCTb CHH3y 

nOJIO>KHTejIbHOH KOHCTaHTOH HaHaJIbHblX H rpaHHHHblX yCJIOBHH Ha KOHUeHTpaHHK), 

hto BjieneT CTporyio nojio^KHTejibHOCTb penieHHii, h He flaeT bo3mo>khocth paccMOT- 
peTb HajiHHne M cyxHx"y x iacTKOB. Bojibnian nacTb CTaTbH |13| paccMaTpHBaeT oflHO- 
MepHyio CHTyau,Hio < x < 1, ho b KOHne npHBefleHa cxeMa nepeHoca pe3yjibTaTOB 
Ha MHoroMepHbie o6jiacTH. Hajinnne cjia6bix penieHHH HanajibHO-KpaeBOH 3aflanH b 
MHoroMepHoii orpaHHHeHHOH o6jiacTH H3yHajiocb b [15|[T6]. J\jisi HeorpaHHHeHHOH 06- 
jiacTH Q = MJ 1 H3BecTHO rjio6ajibHoe cynj,ecTBOBaHHe flHCCHnaTHBHbix (no cyTH oneHb 
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cjiaGbix) peineHHH c nocTOHHHbiMH CKajinpHbiMH D h £, m c M e (|17|: Hcnojib30- 
BaHHafl TaM TexHHKa npuMeHHMa n jijih Q C W 2 ). HecKOJibKO OTjinnHan ot (1.8), (1-5) 
MOflejib H3ynajiacb b |18j . 

HacTOHinan CTaTbn nocBHineHa npoGjieivte Haxo^KfleHHfl nepnojjnnecKHx no BpeMe- 
hh penieHHft KpaeBoft sajjann fljra cncTeMbi (1.8), (1.5) n cxojj,hoh c Heft aaflaneft no- 
HCKa penieHHft c noBTopnioineftcH KOHneHTpanneft npn 3ajjaHHOM HanajibHOM Hanpn- 
«eHHH. Hflen noncKa penieHHft SBOjnonnoHHbix ypaBHeHnft b nacTHbix npoH3BOjjHbix, 
noBTop5nom,Hxc5i b jjBa 3ajj,aHHbix MOMeHTa BpeMeHH (to ecTb o6jiajj,aioinHx Tax Ha3bi- 
BaeMbiM reproductive property, b (popMyjibHoft 3anncn y(t\) = yfe)), njj,eT ot pa6oTbi 
|19j . B OTjinnne ot sajjann o nepnojjHnecKHx pemeHnnx, npn stom He TpeGyeTcn ne- 
pnoflHHHOCTb K09(p(pHi],HeHTOB h npaBbix nacTeft ypaBHeHHii. y 3ajJ,aHH C OflHOft HeH3- 
BecTHoft cpyHKnneft KaK pa3 npn nepnojxHHHOCTH KoacpcpnirneHTOB n npaBbix nacTeft 
penieHne c reproductive property nopo:>KJiaeT nepHOJxnnecKoe penieHne. Mm >Ke b nyHK- 
Te 3 3Ton pa6oTbi HineM penieHne, oGjia/iaioinee reproductive property no KOHneHTpa- 
uhh h HanajibHOMy ycjiOBHio no Hanpn^KeHHio (hto oflHaKO He BjieneT aBTOMaTnnecKH 
Hajinnnn nepnoflnnecKHx penieHHft). B nymtTe 4 mm jj,OKa>KeM ochobhoh pe3yjibTaT 
nyHKTa 3 (TeopeMy 3.1) o cymecTBOBaHHH cjia6oro peineHHH stoh 3ajj,anH. B nyHKTe 5 
TKe mm y«;e nccjiejjyeM 3ajj,any o nepnojjnnecKHx peineHnnx, ho cjiaGaa pa3pemnMOCTb 
(TeopeMa 5.1) nojiynaeTCH npn flonojiHHTejibHbix ycjiOBHHx Ha KOSCpcpnnneHTbi. 

2 06o3HaneHHa 

Mm ncnojib3yeM CTaHflapTHyio 3anncb L P (Q), W™(Q), H m (Q) = W™(Q) (m G Z, 1 < 

o 

p < oo), H™(Q) =W ™(&) {rn G N) jijih npocTpaHCTB Jle6era n Co6ojieBa Ha OTKpbi- 
tom MHOscecTBe (oGjiacTn) Q C M n , n G N. 

CKajinpHoe npoH3Bejj,eHne n eBKjinflOBa HopMa b L2(f2) fc = ^(fi, M. k ) o6o3HanaiOTCH 

(u,v) H || It || COOTBeTCTBeHHO (k = 1 HJIH Tl). B npOCTpaHCTBe Hq(Q) HCnOJIb3yK)TC5I 

cjie/xyioinHe CKajinpHoe npoH3Bejj,eHne n HopMa: (u,v)i = (Vit, Vv), \\u\\i = ||Vit||. 
HanoMHHaeM HepaBeHCTBO Opnjjpnxca 

\\u\\ < KqWuWx. (2.1) 

AHajiornnHO b Hq(Q) ncnojib3yiOTC5i CKajinpHoe npoH3Bejj,eHne n HopMa 
(it, v)2 = (Ait, Ai>), \\u\\2 = || Aw 1 1 . 

Kax o6biHHO, npocTpaHCTBO i7~ m (Q), m = 1,2 OTO^KflecTBjineTcn c conpn^KeHHbiM 
k H™(Q). ^eftcTBne (pyHKnnoHajia H3 H~ m (Q) Ha ajieivteHT H3 H™(Q) o6o3HanaeTCH 

(•,•). HanOMHHM, HTO |M|- m = SUp| H | m=1 \{<P,w)\. 

HHorfla 6yjj,eM nncaTb npocTO L p , H m BMecTO L p (Q) k , H m (Q) k h flp., k = l,n. 
OnepaTop Jlanjiaca A : Hq(Q) — > i7 _1 (Q) HBJineTCH H30MopcpH3MOM. IlosTOMy 
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onepaTop 

A" 1 : H-\n) -». flj(fi) (2.2) 

TO^Ke 5iBji5ieTC5i H30Mop(pH3MOM. 06o3HaMHM X = = A^i^Q)). CKajrapHoe 

npoH3BefleHHe h HopMy b X 3aflaflHM no (popMyjiaM (u,v)x = (Am, Aw)i, = 
||Au||i. 06paTHM BHHMaHHe, hto Me^Kfly h HMeeTca cjieflyiomaH aboh- 

CTB6HHOCTb ! 

( w , U ) 1 = - ( u , Av) , u G H \ v £ X, (2.3) 

npnneM (u,v) 1 = (u,v)\ fljra w G i^o,^ G X. 

3anncn THna C(J\ E), C W {J\ E), L 2 {J] E), L 2i \ 0C {J\ E) h.t.ii. ncnojib3yiOTC5i fljiH 
o6o3HaneHH5i npocTpaHCTB (pyHKUHH Ha HHTepBajie J C R co 3HaneHH5iMH b 6a- 
HaxoBOM npocTpaHCTBe £" (b flaHHOM cjiynae cooTBeTCTBeHHO HenpepbiBHbix, cjia6o 
HenpepbiBHbix, cyMMnpyeMbix c KBa^paTOM, jioicajibHO cyMMnpyeMbix c KBaflpaTOM). 
HanoMHHM, hto cpyHKnnn u : J — > i? Ha3biBaeTcn cjia6o Henpepuenou, ecjin fljin 
jiK)6oro HenpepbiBHoro jinHenHoro cpyHKunoHajia g h& E cpyHKunn g(u(-)) : — > R 
HenpepbiBHa. 

B cjiynae, Korzja i? HBJineTcn (pyHKnnoHajibHbiM npocTpaHCTBOM (Hanp. L 2 (Q), 
H m (Q)) 1 mm OTO^KflecTBjiaeM ajieMeHTbi C(v7; £"), L 2 {J] E) n flp. c nncjiOBbiMH cpyHK- 
uimmh, onpeflejieHHbiMH Ha J x £1, no (popMyjie 

u(t)(x) = u(t,x), t £ J, x G fi. 

Hn^Ke ncnojib3yiOTC5i TaK>Ke cjieflyioinne npocTpaHCTBa (T > — hhcjio): 

W = W(Q, T) = {re L 2 (0, T\ Hq(Q)), t' G L 2 (0, T; F" 1 ^))} 

= IMlL 2 (0 > T;ff 1 (fi)) + llT'lUa^Tjif-HO)); 

= W 1 (n, T) = {r G L 2 (0, T; X(Q)), r' G L 2 (0, T; iT 1 ^))} 

IMIwj = lk|U 2 (0,T;X(O)) + llT'lUa^T^-HO)); 

JV 2 = W 2 (Q, T) = {r G L 2 (0, T; tf 2 (n)), r' G L 2 (0, T; ^ 2 (Q))} 

IMIWa = \\ T \\L 2 (0,T;H^n)) + |k'|U 2 (0,T;lf- 2 (O)); 

[201 jieMMa III. 1.2] Bjiene-T HenpepbiBHOCTb Bjio^KeHnn W, W 2 C C([0, T]; L 2 (£l)), W\ C 
C([0,T];/f 1 (fi)) (cm. T a K >Ke [2HI8]). 

06o3HaneHne | • | ncnojib3yeTcn fljin MOflyjin nnoia, eBKJinflOBon HopMbi b R™ h b 
cjie-flyioineM cjiynae. IlycTb M. nxn — npocTpaHCTBO MaTpnu, nopnflKa n x n c HopMoii 

U| = max \A£\. 

€eRM€|=i' 
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CHMBOJI M" Xn C M. UXn 9TO MHO)KeCTBO T81KHX MaTpHD, A 7 MTO 

(AZ,0 R n>d(A)(Z,0 R n 

fljia HeKOToporo c?(^4) > h Bcex £ G R™. 

3 3a^ana o noBTopaeMOCTH KOHi^eHTpai^HH 

IlycTb nojiHMep 3anojiH5ieT o6jiacTb Q C R n , n G N. HanGojiee BascHbi ^acTHbie 
cjiynan n = 2 (flH(p(py3H5i b njieHKax) h n = 3. PaccMOTpHM KpaeByio 3a,a,aHy fljra ch- 
CTeMbi ypaBHeHHH, onHCbiBaromeH pacnpocTpaHeHne npoHHKaioiHeH jkhakocth b 9tom 
nojiHMepe: 

du r . 

— = aivlVo{t, x, u, a)Vu 

+E (t,x,u,a)Va - M (t,x,u,<r)u], (t, x) G [0, T] x Q, (3.1) 

— + /? (t, u, cr)cr = ^o(w)w + v (u)—, (t, x) G [0, T] X (3.2) 
u(t,x) = <p(t,x) 7 {t,x) G [0,T] x <9Q. (3.3) 

3fleCB U = x) : [0, (X)) X Q — >■ R 9TO HeH3BeCTHa5I KOHUeHTpaHHfl >KHflKOCTH 

(b TOMKe X B MOM6HT BpeMeHH t) , (J = (j(t,x) [0, Oo) X Q — > R - - HeH3BeCTHOe 

nanp5i>KeHHe, cp : [0, oo) x — > R — 3aflaHHoe rpaHHHHoe ycjiOBHe, /io, : R — > R, 
D , £ : ^ n+3 = 1 x R" x R x R ^ R" xr \ fa : R n+3 -» R, M : R n+3 -> R n - 

H3BeCTHbie {pyHKD,HH, 1^0 (") > 0. 

ByfleM HCKaTB penieHHH, HMeiomiie oflHHaKOBbie pacnpeflejieHHH KOHneHTpauiiH b 

MOMeHTbl H T > 0, TO eCTb 

u(0, rc) = u(T,x), x G Q (3.4) 

(6e3 orpaHHMeHHH o6ihhocth mm CMHTaeM HaMajibHbiM HyjieBoft momcht BpeMeHn). 

ripeflnojio>KHM Ha BpeMa, hto o6jiacTb £7 h ynacTByioiHHe b ypaBHeHHax cpyHKHHH 
flocTaTOHHO "xopoiHHe"Q. OyHKu,HK) (/? 6yfleM CHHTaTb onpeflejieHHoft Ha [0, oo) x Q. 

IlpH 9TOM, pa3yMeeTC5I, HeoGxOflHMO CMHTaTb, MTO 

<p\t=o = <p\t=T- (3.5) 



BBefleM HOByio nepeMeHHyio 



«(•) 



1 HanpnMep, cpyHKipra ip, fio , vq , Dq , Eq , f3o , Mq — C 2 -rjia,n,KHe h orpaHn^eHHbie, rpaHnna o6jiacTH Taicsce C 2 - 
rjia^Kaa, h o6nacTb jiOKajibHO pacnanccKeHa no o^Hy CTopoHy CBoefi rpainmbi. Xota ^aHHbie npenojio»ceHHH ^ocTaTOH- 
ho ecTecTBeHHM ,n;jifl Hsy^aeMoii MO^ejin (cm. BBe^eHne, [9], a TaK»ce KOHeu, SToro nyHKTa no noBO^y orpaHHHeHHOCTn 
Eq h Mq), HHJKe mm cymecTBeHHO hx ocjia6nM. 
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Ilo CyTH 3T0 "hHCTO Hecj3HKOBCKafl M COCTaBJI5IK)II],a5I Hanpfl)KeHH5I. IlpH Uq = OHa 

coBnaflaeT c Hanp5i>KeHHeM. 
BBefleM eme HOBbie (pyHKUHH 



/ u \ «(■) 

/? ( + / My) d y I Mv) d y 
\ o y_o 

«(•) 

Di(t,x,u,q) = 



D Q lt,x,u,<; + J p (y)dy\ +v (u)E lt,x,u,q + J v Q (y)dy\ E 





It 



= £ 1 •, •, u, s + y My) d y J ? 





i/ 



Mi(-, u, = -M j •, •, % <; + j iso(y)dy 



o 



•, u, = -fa I <^ + y vo(y)dy 



riepennnieM (3.1) h (3.2) b cjieflyromeM BHfle: 

— = div[D\{t 1 x, u, s)\7u + Ei(t, x, u, ^)V^ + M\(t, x, u, s)u], (3.6) 

— = Pi(t, x, u, s)q + 7(t, x, u, gw. (3.7) 

HaM He xBaTaeT eme oflHoro " BpeMeHHoro " ycjiOBHH . IlycTB HanajiBHoe "hhcto 
HecpHKOBCKoe " Hanp5i>KeHHe T&Kme H3BecTHo: 

q(0,x) = q (x), x en. (3.8) 
IlpH Ka^KflOM CpHKCHpOBaHHOM x E CI paccMOTpHM sa^a^y Koluh 

dip 

— = /3i(t, x, (f(t, x), ipjip + j(t, x, (f(t, x),ip)(p(t, x), (3.9) 

-0U=o = ft- (3.10) 

Ecjih ft, <p, fli ~kj orpaHH^eHbi, to ee pememie ^(t, x) TaioKe anpnopn orpaHHneHO 
Ha KOHenHbix OTpe3Kax (cp. p~5l [16J), h noTOMy cymecTByeT h eflHHCTBeHHO Ha Been 
nojio>KHTejiBHOH nojiyocH. 3aMeTHM, hto q\dn=^\dft- 



riofleficTByeM onepaTopoM Jlanjiaca Ha o6e nacTH (3.7): 

Aq' = cftv[V(A(*, x, u, q)q) + V( 7 (£, x, u, q)u)}. (3.11) 

CjieflOBaTejibHO, 
Aq' = rfw 



$7 $7 $7 1 

+7(t, x, it, <^)Vw + w > W + ^(*> x ' w ' ^) u ^ u + x ' w ' • (3-12) 

OGosHa^HM 

v = u — ip,r = q — ip, 
(3{t, x, r) = -t^(£, x, v + r + ^)(r + ^) + 7^, x, v + y>, r + if;) 

x, r) = x, v + r + ip) + -^-(t, x, v + r + ip)(r + ^) 

a? 

$7 

+ — (t, X,V + tp,T + lp)(v + ip), 

git, x, v, t) = -Vip' + -^—(t, x,v + if,T + ip)(T + ipWip + 7(t, x, v + r + ^)V<£ 
$7 

+— (t, x, v + (f, t + + (p)V(p + x, v + y>, r + i/jWi/j 
ou 

d(3 x , : /w d 7 



1 C7 / 

-{t, x,v + ip,T + ip)(T + ip)Vip + -^-(t, x, v + y>, r + ip)(v + <^)VV> 



<9 S /X 

^7 

-(£, x, v + y?, r + ip)(r + ^) + -^-(t, x,v + (p,T + ip)(v + if). 



dx dx 
Torfla mo>kho nepenncaTb (3.12) b cjieflyioineM BHfle : 

At' = div[(3(t, x, v, t)Vv + x, 1;, r)Vr + x, 1;, r)]. (3.13) 

AHajIOrHMHO, BBOflfl 0603HaMeHH5I 

x, u, r) = £>i(t, x, v + (f, t + -0), 

E(t, x, u, r) = Exit, x,v + p,T + ip), 
f(t, x, r) = - VA~V + L>i(t, x, v + r + V) V<£ 
+2?i(t, x, v + y>, r + ip)Vip + (v + f)Mi(t, x,v + <p,T + ip), 



nepennmeM (3.6) b (popMe 

v = div[D(t, x, v, t)Vv + E(t, x, v, r)Vr + f(t, x, v, r)]. (3.14) 

3aMeTHM, mto rpaHHMHbie n HanajibHbie ycjiOBH5i h& v w t nojiynaiOTC5i cjieflyioinn- 
mh: 

v\t=o = v\t=T, (3.15) 
r\ t =o = 0, (3.16) 
= 0, r\ dn = 0. (3.17) 
Onpe/jejiemie 3.1. Ilapa (pyHKnnft (i>,t) H3 Kjiacca 

i; G W(Q, T), r G H\0, T; ^(fi)) (3.18) 

Ha3biBaeTC5i cacl6um pemeHneM 3a,u,aHH (3. 13)- (3. 17), ecjin ohh yflOBjieTBopaioT (3.15), 

(3.16) , a paBeHCTBa (3.13), (3.14) BbinojiHHioTCH b npocTpaHCTBe iif — n.B. Ha (0, T). 
ycjiOBHa (3.15), (3.16) HMeiOT CMbicji Gjiaroflapa Bjio>KeHH5iM 

W C C([0,T];L 2 (n)), H\0,T;Hi(Sl)) C C([0, T]; ^(fi)). 

YcjiOBHe (3.17) "cnpaTaHo" b npocTpaHCTBe ^(Q). 

Kax BHflHM, BCHKoe "xoponiee", perynapHoe pemeHne (it, 3a,u,aHH (3.3)-(3.8) nopo- 
^KflaeT napy (i>, r), KOTopaa, b nacTHoern, aBjiaeTca cjia6biM pemeHneM 3a,u,anH (3.13)- 

(3.17) . OGpaTHO, nycTb Hexaa napa (i>, r) HBjiaeTCH cjia6biM pemeHneM 3a,u,aHH (3.13)- 
(3.17). IlycTb (pyHKnnn v,r,ip,(p flOCTaTOHHO peryirapHM, n HMeiOT MecTO coc-THOine- 
Hnn (3.5), (3.9) h (3.10). Torfla coc-TBeTCTByioinan napa (it = v + (p,q = r + ip) 
yflOBjieTBopaeT (3.6) n (3.11); nocjieflHee BjieneT (3.7) b cnjiy (3.9). Bojiee Toro, HMe- 

u 

tot MecTO (3.3), (3.4) n (3.8). A Tor^a napa (it, a = q + f vo{y)dy) yflOBjieTBopneT 

o 

(3.1) n (3.2). 

Ilpn pa6oTe co cjia6biMH peineHHHMn He o6H3aTejibHO cnnTaTb, hto Bee H3BecTHbie 
(pyHKnnn n o6jiacTb f2 peryjrapHbi. /JocTaTonHO ycjiOBnii, KOTopbie mm ceiinac onnmeM. 
Pafln o6m,HOCTH 6yzi,eM cnnTaTb (3 n /i MaTpnnHMMH (pyHKunnMH. 
IlycTb Q C M n , n G N, HBjineTCH npoH3BOJibHMM orpaHnneHHMM otkpmtmm MHCc-Kec- 

TBOM, y,3,OBJieTBOpHK)m,HM yCJIOBHK) 

X(Q) C ^(Q) (3.19) 

c KaKHM-Hn6yflb po > 2 (sto ycjiOBne BbinojiHeHO npn MHHHMajibHbix TpeGc-BaHnnx 
peryjinpHOCTH o6jiacTn). 

Hn^Ke mm npeflnojiaraeM TaioKe, mto 

i) D, E,fi,P: R n+3 -> M nxn ; : M n+3 -> M n . 

ii) Ka^Kflan H3 sthx niecTH (pyHKnnn (HanpnMep, D(t, x, i>, r)) H3MepnMa no (£, x) npn 
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(J)HKCHpOBaHHbIX (v , t) . 

iii) Ka>Kfla5i H3 sthx (pyHKHHft HenpepbiBHa no (t>, r) npn (pHKCHpoBaHHbix (t,x). 

iv) HivteiOT MecTO oneHKH 

iD^^^r)! < i^o, (3.20) 

|£(£,z,?;,t)| < K E , (3.21) 

|/?(t^^,r)|<^, (3.22) 

|/i(t,a?, v, t)| < (3.23) 

\f(t,x,v : T)\<K f \ T \ + f(t,x) : (3.24) 

u, t) I < tf ff (M + |r |) + g(t, x) (3.25) 

C HeKOTOpblMH KOHCTaHTaMH Kj^, . . . , H H3BeCTHbIMH (pyHKHHHMH /, # G ^((0, ^) X 

Q). 

v) 

(^^v.r^OR-^d^OR-. ( 3 - 26 ) 
rfle o? > He 3aBHCHT ot (£, x, v, r) G R™ +3 h £ G R™. 

TeopeMa 3.1 HaudemcM manoe Tq > 0, umo npu aw6om T < Tq cyu^ecmeyem c.fia- 
6oe pemeuue sadauu (3. 13)- (3. 17) e KAacce (3.18). 

CjieflyioiuHH nyHKT nocB5nneH ee flOKa3aTejibCTBy. 

Tax KaK KpaeBaa 3a,o,aHa (3.13)-(3.14), (3.17) Ha OTpe3Kax jik>6oh (HanpHMep, eflH- 
hhhhoh) fljiHHbi HMeeT penieHHe, yflOBjieTBopniomee 3aflaHHOMy ycjiOBHio v\t=t = Vt £ 
L2, T\t=t = Tt G Hq b Hanajie OTpe3Ka [IB], to nojiyneHHoe b TeopeMe 3.1 penieHHe 
mo^kho, mar 3a niaroM, npofljiHTb Ha Becb nojio>KHTejibHbiH jiyn, h mm nojryHHM 

Cjie/jCTBHe 3.1 Haudemca manoe Tq > 0, umo npu ak)6om T < Tq cymecmeyem 
napa fyywKuxiu 

v G L 2>c (0, 00; Hl(Q)) H HUO, 00; H~\n)), r G H} oc (0, 00; Hq(Q)), (3.27) 

Komopue ydoeAemeopxwm (3.15), (3.16), a maKotce (3.13), (3.14) e iif — 1 (Q) n.e. na 
(0,oo). 

Otmcthm TaioKe, hto npn MOflejinpoBaHHH peajibHbix flH(p(py3HOHHbix npoueccoB 
b nojiHMepax Bcer^a mwkho CHHTaTb ycjiOBHH iv) BbinojiHeHHbiMiJ§. B caMOM flejie, no 

{J)H3HHeCKOMy CMblCJiy 

0<u(t,x)<l (3.28) 

(Beflb u 9to KOHu,eHTpaii,H5i, Tax hto OHa He MeHee 0% h He 6ojiee 100%). KpoMe 
Toro, BpeMa pejiaKcau,HH b peajibHOCTH nojio^KHTejibHO h orpaHnneHO, nosTOMy mo>kho 

2 EcTecTBeHHOCTb ocTajibHbix HajioJKeHHbix Hcimh ycjiOBHii HCHa h He Tpe6yeT no,a;po6Horo o6cyjK,a;eHHH. 
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CHHTaTb, hto ero o6paTHoe Pq He MeHee HeKoro Pq > (icaic bo BBejreHHn), a noTOMy 
Pi < ~Pg- PaBeHCTBa (3.7) h (3.8) /jaiOT npeflCTaBjieHne 

s(t,x) = q (x) exp / j9iK,a;,ii((,a;),?K,a;))^ 

•/-.(/-•--) • • • 

Ecjih |^o(^)| h 7 paBHOMepHO orpaHH^eHbi, ? Tax>Ke paBHOMepHO orpaHH^eHo: 



|<r(t,a:)|< e -^KoWI + C(7) / e^ G ds < e^% Q (x)\ + . (3.29) 

o 

IloSTOMy K03(|)(pHHHeHTbI CHCTeMbI (3.1)— (3.2) (h 9KBHBajieHTHOH eft (3.6)-(3.7)) MO)K- 

rio onpeflejiHTb H3 SKcnepHMeHTa jinnib Ha orpaHHHeHHbix u h q, a M Ha 6ecKOHeMHO- 
CTH M Mbi hx MO>KeM (paKTHHecKH Bbi6paTb no CBoeMy ycMOTpeHHio; HanpHMep, orpaHH- 

HeHHblMH HJIH fla>Ke HMeiOIHHMH flOCTaTOHHO 6bICTpO y6bIBaK)IHHe Ha 6eCKOHeHHOCTH 

nacTHbie npoH3BO,zrHbie: Tax, htoGm BbinojiHHJiHCb ycjiOBHe iv) Ha npeo6pa30BaHHbie 

K09(p(|)HLI,HeHTbI . 

OflHaKO Bonpoc o tom, npn KaKHx orpaHHneHH5ix Ha KOSCpcpHirneHTbi ycjiOBHe (3.28), 
GyzryHH 3aflaHHbiM jjjih rpaHHHHoft cpyHKHHH ip h jjjih HeKoro HanajibHoro ijaHHoro Uq, 
6yfleT BbinojiHeHO bo Bee nocjiejj,yioiH,He MOMeHTbi BpeMeHH fljia penieHH5i u sajjaMH 
(3.1)— (3.3) c u\t=o = uq : c MaTeivtaTHHecKoft tomkh 3peHH5i royMeH He flo KOHna (a Beflb 

TOJIbKO TaKHe peHieHHH, a nOTOMy H K09(p(pHirHeHTbI, HMeiOT (|)H3HHeCKHH CMblCJl). 

Ecjih Eq He 3aBHCHo|§ ot a, a TOJibKO ot t,x,u, h Eo(t, x : 0) = 0, to [12], TeopeMa 
7.4] peineHHe coxpaH5ieT HeoTpHnaTejibHOCTb. C/rejiaB 3aMeHy u = 1 — u, a = —a 
mo)kho aHajiornMHbiM o6pa30M jj,OKa3aTb (npn npejjnojio^KeHHax Eo(t,x,l) = h 
Mo(t, x, 1, a) = const), hto ycjiOBHe u < 1 T&Kme coxpaH5ieTC5i c TeneHneM BpeMeHH. 
BMecTe c TeM, Hejib35i HaBepH5iKa yTBep>Kjj,aTb, mto flpyrne Eq He HMeiOT CMbicjia. 
Ilo3TOMy mm paccMaTpHBaeM MOflejib b o6meM BHfle, orpaHHMHBaacb jinuib Tpe6o- 
BaHHHMH i)-v). 



4 /^OKasaTejibCTBO TeopeMbi 3.1 

HaM noHajj,o6HTC5i ojj,hh a6cTpaKTHbift pe3yjibTaT. IlycTb ijaHbi flBa rnjibGepTOBbix npo- 
CTpaHCTBa Z GY c HenpepbiBHbiM Bjio:>KeHHeM i : Z — > Y, h i(Z) njioTHO b Y. CTaH- 
flapTHaa cxeMa [20l [8] OTO>Kjj,ecTBjieHH5i Y co cbohm conp5DKeHHbiM npocTpaHCTBOM 

3 Kax npaBHjio, CTHTaiOT, hto Eq Boo6me 3aBiiciiT tojibko ot KoimeHTpaixHH, cm. Bse^e-mie. 
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ZcY = Y*cZ\ (4.1) 

rzje 06a BJicc-KeHira njiOTHbi h HenpepbiBHbi. IlpH stom CKajiapHoe npoH3BefleHHe JiK)6bix 
/eYru^ZbY coBnaflaeT co 3HaneHHeM (pyHKUHOHajia / H3 Z* Ha ajieivteHTe 
u G Z: 

(f,u) Y = (/,«>. (4.2) 

JleMMa 4.1 Uycmh Z cenapa6eAtH0, u dan Henpepuenuu AuneuHuu onepamop A : 
Z ^ Z* , djia Komoposo naudemcM, manoe a > 0, umo 

(Au,u) > a\\u\\ 2 z , \/u G Z. (4.3) 

Tosda 3am aw6ux a u f G 1/2(0, T; Z*) ; T > ; sadana 

u'(t) + Au(t) = f(t),te(0,T), (4.4) 
w(T) + a = w(0) (4.5) 

UMeem eduncmeeHHoe pewenue e KAacce 

u G L 2 (0, T; Z) p| C([0, T]; Y), n' G L 2 (0, T; Z*). (4.6) 

^OKa3aTejibCTBO. /Jjih jno6bix b G F h / G £2(0, T;Z*) 3aflana Koihh (4.4), 
it(0) = 6 0flH03HaMH0 pa3peniHMa b Kjiacce (4.6) no TeopeMe 1.1 H3 [21], TjiaBa VI, 
hjih no jieMMe 3.1.3 H3 [8]. 06o3HannM ee penieHne nepe3 Ub- PaccMOTpHM onepaTop 

Q : 6 h-> Uft(T) + a. 

HenoflBH^KHbie tohkh stoto onepaTopa cooTBeTCTByiOT penreHHHM 3aflann (4.4), (4.5). 

IloSTOMy flOCTaTOHHO npOBepHTb, HTO Q 5IBJI5ieTC5I OKaTHeM Ha Y (h npHMeHHTb npHH- 

pn BaHaxa). 

IlycTb 61, 62 £ Y . 06o3HannM w = — Ub 2 . Tor^a w' + Aw = 0. CjieflOBaTejibHO, 
fljiH (pyHKUHH w(t) = e kt w(t), k > 0, BbinojraeHO paBeHCTBO 

u/ - /ra) + Aw = 0. (4.7) 

Ymho^khm (4.7) Ha w(t) npn n.B. t G (0, T) (b CMbicjie flBOHCTBeHHOCTH Z* h Z): 

(u;', w)) — k(w, w) + (Ait;, w) = 0. (4.8) 

IlpH MajiOM k, b CHjiy (4.2), (4.3) h HenpepbiBHOCTH Bjio^KeHHH i, (4.8) BjieneT 

(w',w}<0. (4.9) 

JleMMa III. 1.2 H3 [20] flaeT, hto (pyHKHHH ||iD(t)||y HBjineTCH HeB03pacTaioiHeH. TaKHM 
o6pa30M, ||?Z7(T)||y < ||-u)(0)||y, T.e. ||u>(T)||y < e _fcT ||w;(0)||y h Q HBjineTCH OKaTHeM. 
□ 
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PaccMOTpHM Tenept. cjieflyiomyio Bcnc-MoraTejiBHyio 3a,a,any: 



— + eA 2 v = Xdiv[D(t, x, v, t)Vv + E(t, x, v, r)Vr + f(t, x, v, r)], (4-10) 

— + eA 2 r = \A~ l div[(3{t, x, v, t)Vv + /j(t, x, v, r)Vr + g(t, x, v, r)], (4.11) 

v\t=o = v\t =T , (4.12) 
r\ t =o = 0. (4.13) 

TyT e > 0, A G [0, 1] — napaMeTpbi. 

Onpe^ejieHne 4.1. Ilapa (pyHKunft (v,r) H3 Kjiacca 

u G W 2 (fi, T),rG Wi(Q, T) (4.14) 

Ha3biBaeTC5i cjiaSuu pemeHneM 3a,a,anH (4.10)-(4.13), ecjin paBeHCTBO (4.10) HMeeT 
MecTO b npocTpaHCTBe n.B. Ha (0,T), (4.11) BbinojiHeHO b n.B. Ha 

(0,T), (4.12) BepHO b L 2 (n), a (4.13) - b 
riocjieflHHe flBa ycjiOBna HMeiOT cmbicji, t.k. 

W 1 C C([0,T]; ^(ft)), JV 2 C C([0,T];L 2 (Q)). 

JleMMa 4.2 HaudemcM manoe Tq > 0, umo npu aw6om T <Tq gcmkozo cacl6o2o 
pewenuM (v,r) 3adauu (4-10)-(4-13) eunojmena anpuopnasi oi^enKa: 

£ \\ V \\L 2 (0,T;H%(n)) + £ \\ T \\l 2 (0,T-X) + 

Mil') I I I 2 / \ 

+ A F 1 1 Z 2 (0,2^(0)) + ll T 11^(0,7^(0)) ^ c > ( 4 - 15 ) 
zde C ne saeucum om A u e. 

^OKa3aTejibCTBO. PaccMOTpHM npoH3BefleHH5i cjiaraeMbix (4.11) c —Ar(t) G Hq(£1) 
npn n.B. t G [0, T] (b CMbicjie flBOHCTBeHHOCTH iif _1 (f2) n ^(Q)): 

- (r' 5 At) - (eA\ At) 

= -A (A~ l div[f3(t, x, v, t)Vv + /i(t, x, v, r)Vr + g(t, x, v, r)],Ar) . (4.16) 

Ho 

-(r / ,Ar) = (/,r) 1 = ^||r||? (4.17) 



(cm. [20, JleMMa 1 1 1. 1.2]). TaKHM o6pa30M 

1 d 

2dt 



\— ||r||i + e(VAr, V At) 
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= —A (div[j3(t, x, v, t)Vv + /i(t, x, v, r)Vr + g(t, x, v, t)],t) . (4-18) 

OGosHa^HM v(t) = e~ kt v(t), f(t) = e~ kt r(t), rpp k > 6yfleT onpeflejieHO no3flHee. 
Torfla 

^||e fct f||? + e 2fct £(VAf,VAf) 
= \(p(t, x, e kt v(t), e kt f{t))Vve kt + n(t, x, e kt v(t), e kt f(t))Vfe kt 

+g(t, x, e kt v(t), e kt f{t)), Vf{t)e kt ^j . (4.19) 

Tenepb o6o3HaMHM 

k (t, x, v(t), f (*)) = /?(*, x, e kt v(t), e kt f(t)), 

ti k (t, x, v(t),f(t)) = n(t, x, e kt v(t), e kt f(t)), 
g k {t, x, v(t), f (*)) = e~ kt g{t, x, e kt v{t), e kt f{t)). 
3th (pyHKD,HH yflOBjieTBopaiOT oneHKaM THna (3.22), (3.23), (3.25) c tcmh me koh- 

CTaHTaMH. 

HivteeM: 

lj t \\f\\l + k m i + e(f,f)x 

= \(p k (t, x, v(t),f(t))Vv + fji k (t, x, v(t), f (t))Vf 

+g k (t,x,v(t),f(t)),Vf(t)y (4.20) 
HHTerpHpyn no HHTepBajiy (0, T), nojiy^HM 

T T 

\\\f(T)\\\ + kj ||f(«)||?<fa + e J \\f(s)f x ds 



T 

= A y (/3fc(s, x, u(s), f(s))Vv(s) + /d k (s, x, v(s), f (s))Vf (s) 



+# fc (s, x, v(s), f (s)), Vf (s)) ds. (4.21) 

ripHMeHaa HepaBeHCTBO KoniH-ByHHKOBCKoro h HepaBeHCTBO Konin a& < ca 2 + ^6 2 h 
OTGpacbiBaa nepBoe cjiaraeivtoe, npnfleM k HepaBeHCTBy 

T T 



k J \\r(s)\\lds + £ J \\r(s)\\ 2 x ds 
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T 

< XK i f 



\v{s)\\\ds + \ J \\f(s)\\ 2 ds + \K^ J \\f(s)\\ 2 ds 



4 

bo o 

T T 



+^ J |bfc(s,-^(s,-),r(s,-))H 2 ^ + A J \\f(s)\\ 2 ds. (4.22) 



o 

3aMeTHM, MTO 



J \\g k (s,;v(s,-),f(s,-))\\ 2 ds< J \\K g [\v(s r )\ + \f(s r )\]+g(s,.)\\ 2 ds 





T 



<3K 2 g J \\v(s r )\\ 2 ds + 3K 2 J ||f(s,.)|| 2 ds + 3 J \\g(s, -)\\ 2 ds 





T T 



2 ((0,T)xfi)- 



<3^g y ||v(s)||fds + 3^ 2 Ag y ||f(s)||?ds + 3||p||| 2 
o o 

riosTOMy 

T T 

(k-2-K,-^K 2 K 2 l ) J \\f(s)\\lds + e J \\f(s)\\ 2 x ds 



T 

K 2 S /" 3 

< + jKjKg) y ||s(«)||;<fa + j||ff|lL ((0 , T)xSi) . (4-23) 



BoabMeM k > 4 + 21^ + ^K 2 K 2 . 
Torfla (4.23) Bjie^eT HepaBeHCTBO 

T T 

j\\f(s)\\\ds < ^(1+A j \\v(s)\\\ds), C, = ^+|/^^+|llffllL((o,T)xO)- (4.24) 



riojio>KHM Tq = t- Torfla ||t(£)||i < e||f(t)||i npn < t < T < Tq, h h3 (4.24) 



cjieflyeT, mto 



i i 
J \\r{s)\\\ds<^{l + X J \\v{ S )\\ 2 ds). (4.25) 
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PaccMOTpHM Tenepb npoH3BefleHH5i cjiaraeMbix (4.10) c v(t) G Hq(Q) npn n.B. 

t G [0,T] (b CMblCJie flBOHCTBeHHOCTH H~ 2 (Q) H Hq(Q))\ 



= X (div[D(t, x, v, t)Vv + r)Vr + /(£, u, r)],v) . (4.26) 

OnaTb, b CHjiy [20, JleMMa III. 1.2], mm HMeeM 

^) = ~\H\ (4.27) 

h nosTOMy 

2dt u 11 v 7 

= -X(D(t, x, v, t)Vv + r)Vr + /(£, x, v, r), Vv). (4.28) 

CjieflOBaTejibHO, 

T 

£ J \\ V ( S )\\t ds 


r 

= -A/(z>( S ,,,„ W ,r W )V„ W + B ( S ,«,« W ,r W )Vr W 



+/(s, x, v(s), t(s)), Vv(s)\ ds. (4.29) 
C noMom,bio HepaBeHCTBa Koihh, (3.21) h (3.26), nojiynaeM HepaBeHCTBO 

T T 

e J \\v(s)\\lds + Xd J (Vv(s),Vv(s))ds 
o o 

T T 



< 3XKl I 

~ 4d J 

o 

T 



\r{s)\\Us + Y f W v ^ ds 



+ S / \\f( s r:<s r ),T{s r ))fds + ^ J \\v(s)\\lds. (4.30) 



o 

Ilo TOMy >Ke npHHu,Hny, KaK fljin gj~ Bbinie, mm HMeeM 

T 



J ||/(s,-,^(s,-),^(s,-))|| 2 ^s 
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T 

<ZK)Kl J ||r( S )||?<fc + 3||/j| 
o 

HTaK, H3 (4.30) h (4.25) saKjiionaeM 

T T 

e J \\v(s)\\ 2 2 ds + — J \\v(s)\\lds 



3Kl 9 „ 9 „ 9 , J o , 9 



2 

L 2 ((0,T)xfi)- 







T 



-T (1 + A / ll^( s )ll^ s ) + c ' ( 4 - 31 ) 







4d 4d 

d 



Be3 orpaHHMeHHH o6iu,hocth mcc-kho c^HTaTb, mto /c > ^f 2 -. Tor^a (4.31) Bjie^eT 



T 



y J\mWids<C. 



TaKHM o6pa30M, npaBbie ^acTH (4.23) h (4.31) orpaHmeHbi, h mm npnxoflHM k 
(4.15). □ 

JleMMa 4.3 Hycmh CAa6oe pemenue (v,r) sadauu (4-10)-(4-13) ydoejiemeopMem oi^en- 
%e (4-15). Tosda UMeem Mecmo CAedywmasi oi^eHKa npou3eodnux no epeMenu: 



V 



/ |U 2 (0,T;ff- 2 (n)) + \\r'\\L 2 (0,T;H-^Q)) < C(l + Ve) (4.32) 



sde C ne 3aeucum om A u e. 

,Z^OKa3aTejTbCTBO. ^JeftcTBHTejibHO, Tax Kax H~ x {££) C H~ 2 (Q) HenpepbiBHbiM 06- 
pa30M, (4.10) h (4.15) BjiexyT 

\W\\l 2 (o,t-h- 2 {Q)) < e\\A 2 v |U 2 (0,T;H- 2 (r»)) + 
\C\\div[D(t, x, v, t)Vv + E(t, x, v, r) Vr + /(*, x, v, r)] \\l 2 (o,T;H-\ci)) 

< v / £v / s|blU 2 (o,r ; i/ 2 (r!))+ 
V\C\\D(t, x, r)Vf + E(t, x, u, r)Vr + f(t, x, v, r) ||l 2 ( ,t ; l 2 (Q)) 
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< Cy/e + CV\[K D \\v\\^ T . H x m + ^||r|| L2(0 ,T;^(O)) + \\f(t,x,v,T)\\ L2%T . L2m ] 

< C^/e + CVx[K D \\v\\ L2{0jT . H i m + K E \\T\\ L2{0jT . H i m 

+ K .f\\ r \\L 2 (0,T;L 2 ({l)) + ||/|U 2 ((0,T)xO))] 

<C\fe + CVX[\\v\\ L2{0jT . H i {n)) + ||r|| L2(0)T . ff i (n)) + 1] 

< C(l + >/£)■ 

AHajioraMHO, pa3 H^(Q) C (4.11) h (4.15) flaiOT 

\h'\\L 2 (0,T;H-^il)) < £||A 2 r|| L2 ( 0; T ; i/-i(r!)) + 

XCWA^divlPit, x, v, t)Vv + n(t, x, v, r)Vr + g(t : x, v, r)} \\l 2 ^ t -h^)) 

< V / iv / ^|klU 2 (0,T;X) + 

CV\\\/3{t, x, v, t)Vv + fj,(t, x, v, t) Vr + x, v, r) ||l 2 (o,t ; l 2 (o)) 

< Ca/s + Cv^^llvlli^o^^if^)) + ^Mlkll^Co^;^^)) + \\9(t,x,v,T)\\ L2{0yT . L2m ] 

< Cyfl + C>/A[i^||v||L 2 (o,T;H 1 (n)) + K ^\\ T \\L 2 (0,T:H^n)) 
+ K g\\v\\L 2 (0,T;L 2 (n)) +^ll r IU 2 (0,T;i 2 (O)) + ||#|U 2 ((0,T)xn))] 

< Cy/e + CV\[\\v\\ L2i0jT . H i m + \\T\\ L2{0jT . H i m + 1] 

<C(1 + Vi)- 

□ 

JleMMa 4.4 77p« ak>6om T < Tq UMeemcM CAa6oe pemenue (v,t) 3adanu (4-10)- 
(4-13) e KAacce (4-14)- 

,Z^OKa3aTejTbCTBO. BBefleM BcnoMoraTejibHbie onepaTopbi no (popMyjiaM: 

Q 1 :W 2 xW 1 ^L 2 {0,T;H-\Q)), 

Qi{v, t) = div[D(-, •, v, r)Vv], 
Q 2 :iy 2 xiy 1 ^L 2 (0,T; /r 2 (ft)), 
Q 2 (v,t) = div[E(-,-,v,T)Vr], 

Q 3 :^ 2 xiy 1 ^L 2 (o,r ; H- 2 (nj), 

Q 3 (v,t) = div[f(>, -,v,t)], 
Q 4 :W 2 xW 1 ^L 2 (0,T; H~\n)), 
Qa{v,t) = A _1 dM;[/?( v ,v,T)Vv], 
Q 5 : W 2 x Wi->L 2 (0,T; tf" 1 ^)), 
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Q 5 {v,t) = A 1 div[fi{-,-,v,T)VT], 
Q 6 :W 2 xW 1 ^ L 2 (0,T;H-\n)), 
Qg{v,t) = A~ l div[g{-, -,v,t)} : 
Q:W 2 xW 1 ^ L 2 (0, T; H- 2 (Q)) x L 2 (0, T; H~\n)) x L 2 (Q) x ^(Q), 
Q(v, r ) = (-Qi(v, r) - Q 2 (v, r) - Q 3 (v, r), -Q^v, r) - Q 5 (v, r) - Q 6 (v, r), 0, 0), 

11 : Wi L 2 (0,T; ff" 1 ^)) X ^(Q), 

= («' + eA 2 w, w|<=o), 

1 2 : W 2 -> L 2 (0, T; ^ 2 (H)) x L 2 (ft), 
^2(w) = (w + eA 2 u, u\t=o - u\t=r), 

A:W 2 xW 1 ^ L 2 (0,T; /T 2 (Q)) x L 2 (0, T; x L 2 (fi) x H^tt), 

A(v, t) = (v' + eA 2 v, t' + eA 2 r, v\ t=0 - v\ t=T , r\ t=Q ). 
CjiaGan nocTaHOBKa sa^ann (4.10) - (4.13) SKBHBajieHTHa onepaTopHOMy ypaBHe- 

HHK) 

A(v, t) + XQ(v, r) = (0, 0, 0, 0) (4.33) 
IlpH ycjiOBHH (3.19) onepaTop Q Bnojrae HenpepbiBeH (cm. [16J ) . 

3aMeTHM, HTO 

(A 2 u,u) = (Aw, Aw) = \\u\\l 

fljin u G Hq(Q), h 

(A 2 w, u) 1 = - (A 2 w, Aw) = (VAw, VAw) = ||w||| 

fljiH u G X. rio3TOMy onepaTop A\ HenpepbiBHO o6paTHM (no TeopeMe 1.1 H3 [21 j, 
TjiaBa VI, hjih no jieMMe 3.1.3 H3 [8J). A onepaTop A 2 HenpepbiBHO o6paTHM no flOKa- 
3aHHoft Bbinie JieMMe 4.1. IloaTOMy A TaKJKe o6paTHM. 
riepennnieM (4.33) b BHfle 

(u, t) + Ai~ 1 Q(w, r) = (0, 0) (4.34) 

AnpnopHbie ou,ghkh jieMM 4.2 n 4.3 He no3BOJiHiOT ypaBHeHHio (4.34) HMeTb penie- 
hhh Ha rpaHHne flocTaTOHHO 6ojibnioro niapa B b W 2 x W\, He 3aBHCHinero ot A. 
PaccMOTpnM CTeneHb Jlepe-LQayflepa (cm. Hanp. (22, E3, El]) Bnojme HenpepbiBHoro 
BeKTopHoro nojin I + \A~ l Q (I - TOJKflecTBeHHoe OTo6pa>KeHne) Ha niape B - 

deg LS {I + \A- l Q,B,0). 
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B CHJiy roMOTonHMecKoft HHBapHaHTHOCTH CTeneHH 

deg LS (I + XA-'Q, B, 0) = deg LS (I, B, 0) = 1 ^ 0. 

HTax, ypaBHeHne (4.34) (a noTOMy h 3a,a,aHa (4.10) - (4.13)) HMeeT peineHne b niape 
B npH BC5IKOM A (cp. C n0fl06HbIMH paccy^KfleHHaMH b P, [25]). □ 

/^OKa3aTejibCTBO TeopeMbi 3.1. 

Bo3bMeM KaKyio-HH6yflb yGbiBaionjyio nocjieflOBaTejibHOCTb nojio>KHTejibHbix nnceji 
0. Ilo jieMMe 4.4 HafiflyTca napbi (v m ,T m ) 7 KOTopbie hbji5ik)tc5i cjia6biM penie- 
HHeM aafla^H (4.10) - (4.13) c A = 1, e = e m . 3aMeTHM, mto h3 (4.11) cjieflyeT, mto 

Ar^+e m A 3 r TO = div[(3(t 

)] (4-35) 

b i!f~ 3 (£7) n.B. Ha (0,T). Bjiaroflapa anpnopHoft oueHKe (4.15), 6e3 noTepn o6hj,hocth 
(nepexoflH k noflnocjieflOBaTejibHOCTH, ecjiH Heo6xoflHMo) mcc-kho npeflnojio>KHTb, mto 
cym,ecTByiOT npeflejibi 
u* = lim u m , 



m— >oo 



r* = lim r m , KOTopbie hbjihiotch cjia6biMH b £2(0, T; Hq(Q)). KpoMe Toro, b ch- 

jiy jieMMbi 4.3, 6e3 orpaHHneHHH oGhihocth mwkho c^HTaTb, mto v' m —> cjia6o b 
1/2(0, T; H~ 2 ), r' m — > cjia6o b 1/2(0, T; H~ l ). CjieflOBaTejibHO, i; TO — > cjia6o b 



'3 m 

C{[0,T];H- 2 ), r m -> r* cjia6o b C([0, T]; if" 1 ). Tor fl a, [261 Cjie fl CTBHe 4], u m 
CHjibHO b C([0, T]; H~ 3 ), r m — > r* cnjibHO b C([0,T]; H~ 2 ). IIosTOMy v* h t* yflOBjie- 
TBopaiOT (3.15), (3.16). KpoMe Toro, [26J CjieflCTBne 4], i; m — > i;*, r TO — > cnjibHO 
b 1/2(0, T\Lq). Ilo TeopeMe KpacHOcejibCKoro [221 [27] o HenpepbiBHOCTH onepaTopa 
cynepno3HD,HH 

-^(■j '? ^7715 Tm) * -^('3 '3 ^*3 7*)} 

/^('? 'j ^mi 7"m) * /?(", ', f*, 
/^('j '3 ^m? 7"m) * /^( - 3 'j 7"*) 5 

cnjibHO b L p ((0, T) x £l) nxn fljiH jiio6oro p < oo; 

f{'i 'j ^mi 7~m) * /( - 3 '? 7"*) 5 
5 , ( - 5 '3 ^mi 7"m) * ('3 "5 ?*) 

CHJIbHO B L 2 ((0,T) X 

Ecjih nocjieflOBaTejibHOCTb (pyHKinift ?/ m cxoflHTca cjia6o b ^((0, J 7 ) X D,), h flpyraa 
nocjieflOBaTejibHOCTb z m cxoflHTca cnjibHO b I/ p ((0, T) xQ), to hx noTonenHbie npoH3- 
BefleHHa y m z m cxoflHTca cjia6o k npoH3BefleHHio hx npeflejiOB b L q ((0, T) x Q), ^ + 5 = 
^. IlosTOMy 

^(■, ■, v m , T m )Wv m — >■ L>(-, -, u*, r*) Vu*, 
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E(-, •, v m , r m )VT m -> E(-, •, u*, rjVr,, 
/?(•, •, v m , r m )Vv m — > /?(-, v*, r*)Vv*, 

)Vt* 

cjia6o b L q (0, T; L q (tt) n ) ajih 1 < q < 2. 

Ilepexoflfl k npeflejiy npn m — > oo b (4.10) c A = 1, e = e m , t> = t> m , r = r m h 
b (4.35) (HanpHMep, b CMbicjie pacnpeflejieHnn Ha (0, T) co 3HaneHHHMH b W~ & ), mm 
3aKjnonaeM, hto (i>*,t*) ecTb cjia6oe pemeHne 3aflaHH (3.13)-(3.17). OcTaeTCH 3aMe- 
thtb, hto npaBbie nacTH (h, cjieflOBaTejibHO, jieBbie nacTn) (3.13), (3.14) npHHafljie- 
«aT L 2 (0,T; i/- 1 ). Tor fl a G W(fi,T). Tax xax G //" _1 (0, T; f/j}), h A< G 
L 2 (Q,T-H- 1 ), mm HMeeM G L 2 (Q,T;H^). □ 

5 3a^ana o nepno^HHecKHx penieHHax 

B 3TOM nyHKTe nccjieflyeTCH nepHOflHHecKan sa^ana fljia CHCTeMM (3.1)-(3.3), to ecTb 
"BpeMeHHbie"ycjiOBH5i 6epyTC5i b BHfle 

u(0, x) = u(T, x), cr(0, x) = cr(T, x), iGfi (5.1) 

c HexoTopbiM T > 0. ripeflnojiaraeTca, hto cpyHKnnn /?o, Mo, /^o? Eg nepnoflnnHM c 
nepnoflOM T no nepeMeHHoft t. Kax h b nyHKTe 3, nocjie 3aMeHM nepeMeHHon a Ha ? 
mm npnxoflHM k cncTeMe (3.6), (3.7). ByzjeM npeflnaiiaraTb, hto rpaHHHHoe ycjiOBne 
Ha £ H3BecTHo: 

z) = a;), (t, x) G [0, T] x <9Q, (5.2) 

h o6e {pyHKD,HH (p n tp onpeflejieHM h nepHOflHHHM c nepnoflOM T no nepeMeHHoft 
£ Ha [0, T\ x Q; npn stom npeflnojiaraeTCH ycjiOBne corjiacoBaHHH (3.9) (Ha caMOM 
flejie ip mo^kho onpeflejiHTb, 3Han ip, k&k nepnoflnnecKoe pemeHne ypaBHeHnn (3.9) 
npn (pHKcnpoBaHHOM x, Bonpocbi nepnoflnnecKon pa3peuiHMOCTH Taxnx ypaBHeHnft 
cm. Hanp. b |28l [23] , ho MOJKeT 6biTb npo6jieMa c eflHHCTBeHHOCTbio TaKoro penieHHH 

H 3aBHCHMOCTbK) OT X] HTo6bI He 3aOCTpHTbCH Ha 9TOM, MM CHHTaeM ijj H3BeCTHMM). 

Ilocjie BTopofi 3aMeHM nepeMeHHbix n Tex >Ke npeo6pa30BaHHH, hto h b nyHKTe 3, 
mm npnxoflHM k cncTeMe (3.13), (3.14). Ilpn stom HMeeM rpaHHHHoe ycjiOBne (3.17) n 
ycjiOBne nepnoflHHHOCTH 

v\t=o = v\t= T , r\ t =o = r\ t=T . (5.3) 

OnpeflejieHne cjia6oro peineHHH 3aflann (3.13), (3.14), (3.17), (5.3) b Kjiacce (3.18) 
aHajioranHO onpeflejieHHio 3.1. ITpn pa6oTe co cjia6biMH penieHHHMH 6y^eM npeflno- 
jiaraTb BbinojiHeHHMMH ycjiOBHJi nyHKTa 3, 3a HCKjnoneHneM (3.24) - (3.26). BMecro 
hhx hhjkc mm npeflnojiaraeM 6ojiee »:ecTKHe ycjiOBHH, a HMeHHO 
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\f(t,x,v,r)\< f(t,x), \g(t,x,v,r)\<g(t,x) (5.4) 

C HeKOTOpblMH H3BeCTHbIMH (pyHKH,H5IMH /, g G L2((0, T) x Q) , a TaioKe 

vi) cym,ecTByiOT nojio^KHTejibHbie nncjia T h Tq Taxne, hto 

>r (|^| 2 + |r/| 2 ) (5.5) 
fljiH jiio6bix £, 77 G M n . 

^oGHTbCfl BbinOJIHeHHS yCJIOBHfl v) MOJKHO, npHMeHHB paCCy>KfleHH5I H3 KOHUa nyHK- 

Ta 3. YcjiOBne vi) yme cymecTBeHHO orpaHHHHBaeT o6iHHOCTb MOflejin. TeM He MeHee, 
cjie-flyioiHHe He(popMajibHbie apryMeHTbi noKa3biBaiOT, hto oho mo^kct 6biTb BbinojiHe- 
ho fljiH peajibHbix CHTyau,HH, npnneM Haflo 6paTb flocTaTOMHO 6ojibnioe T. Bo nepBbix 
(cm. n. 3), \i 9to no cyTH CKaji5ip, npnneM, cnHTaa 7 MajibiM, mwkho c^HTaTb ero 

6JIH3KHM K —/3q, TO eCTb — fl ~ Pq. IlpH 60JIbHIHX KOHU,eHTpaiJ,H5IX Po H D BejIHKH (cm. 

BBefleHHe), h mojkho CTHTaTb (5.5) BbinojiHeHHbiM. A npn Majibix KOHHeHTpauMx y>Ke 
Majio E, hto npn 6ojibniOM T on^Tb HrpaeT b nojib3y (5.5). 

TeopeMa 5.1 B onucannux ycAoeuMX npu aw6om T > cyu^ecmeyem CAa6oe peme- 
nue aadanu (3.13), (3.14), (3.17), (5.3) e KAacce (3.18). 

IlpH flOKa3aTejibCTBe Hcnojib3yiOTC5i BcnoMoraTejibHaa CHCTeMa (4.10)-(4.11) h cjiefly- 
lomaH anpnopHafl oneHKa: 

JleMMa 5.1 J^Afi 6CMK020 pemenusi (v,t) sadauu (4- 10), (4-11), (5.3) e KAacce (4-14) 
eunoAHena anpuopnan oyeHKa: 

£ W V \\L 2 (0,T;H$(n)) + £ ll r ll! 2 (0,7VO + 
+M\ V \\L 2 (0,T-Hi(n)) + M\ T \\l 2 (0,T;H£(n)) - C ' ( 5 - 6 ) 

sde C ne 3aeucum om A u e. 

^OKa3aTejit>CTBO. YcjiOBHe (5.5) mo^kho nepenncaTb b BHfle 

(d(-)t% 0r» - »7)r» + (£(-)r 2 £, r/) R „ - (/?(•)& r/V 

>r (r 2 |^| 2 + |77| 2 ) (5.7) 

fljiH jiio6bix £,77 G M. n (fljifl SToro flocTaTOHHO noflCTaBHTb b (5.5) r£ bmccto £). 

KaK b flOKa3aTejibCTBe jieMMbi 4.2, mm HMeeM (4.28). KpoMe Toro, mm HMeeM (4.18), 
h, cjieflOBaTejibHO, 

2S Hi+£(t ' t)i[ 



E(-)T- 



r 
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= \(j3(t, x, v, t)Vv + fi(t, x, v, r)Vr, Vr^ 

+A(^,x, W ,r),Vr). (5.8) 
Cjio>khm 9to c (4.28), yMHO>KeHHbiM Ha r 2 : 

= -\(D(t, x, v, t)T 2 Vv + E(t, x, v, r)r 2 Vr, Vv) 
+\(j3(t, x, v, t)Vv + fi(t, x, v, r)Vr, Vr^ 

+A(p(t,a;,v,r),Vr) - Ar 2 (/(t,a;, v,r), Vv). (5.9) 
Hcnojib3y5i (5.7), aaKjnonaeM, mto 

^|H| 2 + r 2 ,(A,,A, ) + i|| M |? + ,(r,rk 

+Ar (r 2 ||V?;|| 2 + ||Vr|| 2 ) 
< A (g(t, x, v, r), Vr) - Ar 2 (/(£, x, v, r), Vv). (5.10) 
HHTerpHpyH no HHTepBajiy (0, T), nojiy^HM 

T T T T 

T 2 £ J \\v(s)\\lds + £ y ||r(s)||^ds + Ar r 2 y \\Vv(s)\\ 2 ds + XT J ||Vr( S )|| 2 d S 



T T 

<\J {g{s,x,v{s),r{s)),Vr{s))ds-\T 2 J (/(s,a;, v(s),r(s)), Vv(s)) ds. (5.11) 



llpHMeH5i5i HepaBeHCTBO KoniH-ByHHKOBCKoro, HepaBeHCTBO Kohih h (5.4), mm nojiy- 
hhm: 

T 

f(s,x,v(s),T(s)),Vv(s)^ds\ < ||/|U 2 ((o,r)xn)||Vv|| L2 ((o,T)xfi) 



1 ~ Tq 

- ^rll/IL 2 ((o,r)xO) + "yll^lL 2 ((o,T)xO)- (5.12) 

AHajiornHHO, 

T 

y (p(s,ar,i;(s),r(s)),Vr(s))ds| < ^rl|p|li 2 (( ,T)xO) + yll Vr llL((o,T)xO)- ( 5 - 13 ) 
o 
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HepaBeHCTBa (5.11) - (5.13) BjiexyT 

T T T T 

T 2 e J \\v(s)\\lds + e J \\r(s)\\ 2 x ds + ^f- J \\Vv(s)\\ 2 ds + ^ J \\Vr(s)\\ 2 ds 



r 2 ~ 2 1 ~ 2 

- 7^HI/IL 2 ((0,T)xQ) + 7^HMIl 2 ((0,T)xQ)5 ( 5 -i 4 ) 

a noTOMy h (5.6). □ 

^ajibHeftiuHft xofl flOKa3aTejibCTBa TeopeMM 5.1 (ou,eHKa npoH3BOflHbix, pa3peniH- 
MOCTb BcnoMoraTejibHoii safla^H h npeflejibHbift nepexofl) npoBOflHTCH no aHajiorHH c 

COOTBeTCTByroiHHMH paCCy>KfleHH5IMH H3 nyHKTa 4. 
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